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Abstract 

We construct normalized differentials on families of curves of infinite 
genus. Such curves are used to investigate integrable PDE's such as the 
focusing Nonlinear Schrodinger equation. 

1 Introduction 

In this paper we study a family of curves associated with the Zakharov-Shabat 
operator (ZS operator), 

*):=.(; _»)«.+ (» f) (1) 

with periodic (or anti-periodic) boundary conditions. We assume that tp — 
(^1,^2) G L 2 where L 2 = L 2 x L 2 and L 2 = L 2 (T, C) is the Hilbert space 
of square integrable complex-valued functions on the circle T := R/Z. More 
specifically, we consider the curve, 

C,-{(A, W )eC 2 | W 2 = A(A^) 2 -4}, (2) 

where A (A, ip) is the discriminant of the ZS operator. It is known (see e.g. [11] 
or g]) that 

A(^f-4=-4n (A " Afe " (y)) i A " M 

where 

/ kn, if fe 7^ , , 

^ fc := \ 1, if jfe = (3) 

and where (X^)kez denotes the periodic eigenvalues of L(ip), appropriately or- 
dered and listed with multiplicities - see Section[2] for details. Note that the 
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periodic spectrum Spec pel L(tp) is pure point and hence consists only of eigen- 
values. We do not necessarily restrict our attention to potentials of real type, 



tp£L 2 r = {{tpi,tp 2 ) G L\ \<p x = ip 2 } , 



for which L{tp) is self-adjoint or 



tp G iL 2 r = {(<pi,<pz) eL%\<pi 



¥2} ■ 



As a subset of C 2 , the curve C v is a topological space whereas 

C* := C v \ {(A, 0) € C 2 | A is a multiple periodic eigenvalue of £(<£>)} 

is an open Riemann surface. 

When tp £ L 2 C varies the singularities of the curve C v might change as well, 
i.e., additional multiple eigenvalues might emerge or a multiple eigenvalue could 
split up into several simple and/or multiple eigenvalues of smaller multiplicity. 
Our aim is to construct a family of holomorphic differentials on C*, depending 
analytically on tp and normalized with respect to a properly chosen infinite set 
of cycles on C*. More specifically, we prove the following result. 

Let tp„ £ L 2 and assume that the periodic spectrum of L(tp*) has only eigen- 
values of algebraic multiplicity one or two. Then there exist an open neigh- 
borhood W of tp* in L 2 and a family of simple, closed, smooth, oriented curves 
Tfc C C\Spec per L (</?*), k £ Z, so that the closures of the domains in C, bounded 
by the IVs, are pairwise disjoint and for any (p G VV and fceZ 

(HI) the domain bounded by I\- contains precisely the two eigenvalues Xt(<p)", 

(H2) there is a cycle on C* such that Tr(Ak) — Tk where n is the projection 



A potential tp £ L? c is called a finite gap potential if the periodic spectrum of 
L(tp) has only finitely many simple eigenvalues. The set of finite gap potentials 
is dense in L 2 - see e.g. [5]. We prove the following theorem: 

Theorem 1.1. Let tp* £ L 2 C be a finite gap potential such that all periodic 
eigenvalues o/L((/3«) have algebraic multiplicity at most two. Then there exist 
an open neighborhood W of tp* in L 2 and a family of analytic functions C, n : 
C x W — > C so that for any tp £ W and m,n £ Z, 



For any n G Z, the entire function £ n (',tp) has a product representation 



7T : C* -> C, (A, to) i — ^ A. 





cn(A,v)=-— n 



A 





(5) 
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with a)l 



.(«) 



kit + I 2 



(fc) uniformly in n G Z and tp g W, i.e., the sequences 



k ^}P) ~ kn)kez are bounded in Z 2 (Z, C) uniformly in n G Z (me? G W. 
Furthermore, there exists N > 1 suc/i mat /or an?/ > iV + 1, k ^ n, 



uniformly in n G Z and uniformly in ip G W . Moreover, if \ k = and k ^ n 
then Tfc is a zero o/ i/ie entire function £ n . 

Applications: In [B], Theorem ll.ll is used to construct locally near generic poten- 
tials action-angle coordinates for the focusing Nonlinear Sclirodinger equation 
significantly extending previous results in this direction obtained in [5] for the 
zero potential. See also [T] for the discussion of 1-gap and 2-gap potentials. Such 
coordinates allow to obtain various results concerning well-posedness for these 
equations and study their (Hamiltonian) perturbations- see [5J 110) respectively 
[7] where corresponding results for the KdV equation have been obtained. 

In the remainder of this paper we prove Theorem ll.il In Section[2j we collect 
facts about the Zakharov-Shabat operator needed in the sequel. In Section El 
we construct entire functions Cn{-,f) satisfying (U])-© in the case ip is a finite 
gap potential. This construction leads to the analytic set-up for the proof of 
Theorem 11.11 explained in Section @] Theorem 11.11 is then proved in Section [5] 
and |5J by the implicit function theorem. By a similar approach a version of 
Theorem 11.11 has been proved in [3] for potentials in a (small) neighborhood 
of L 2 . in L? c . The approach in [3] had to be significantly modified as the non- 
degeneracy condition needed for applying the implicit function theorem is not 
satisfied for the potentials considered in the present paper. To keep the paper 
relatively simple we decided to treat the extension of Theorem 1 1.1 1 to potentials 
which are not necessarily finite gap potentials in a subsequent paper. 

Related results: In the case of a Hill operator with all periodic eigenvalues simple, 
hence with the corresponding curve C v being a Riemann surfaces of infinite 
genus, the existence of normalized holomorphic differentials u n , n G Z, on C v 
can be deduced from Hodge theory (see 0113]). This construction does not work 
in the case of the ZS-operator as the differentials constructed in Theorem 1 1.1 1 are 
not square integrable on C*. Another obstacle for applying a similar approach 
to our situation is related to the fact that the set of finite gap potentials of 
ZS-operators is dense in L\ ([5]), and hence any open neighborhood W of tp, 
in L 2 contains potentials with double eigenvalues. In addition, the analytic 
dependence of the normalized differentials on ip G W, their precise form ([5]) and 
the uniform localization of the zeroes (]6j cannot be obtained from the general 
theory in [2] . Note also that a different approach was used in [12] for potentials 




(G) 




G {A G C | |A| < (JV + 1/4)tt} 
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2 Zakharov-Shabat operator 

Denote by L 2 the Cartesian product L 2 x L 2 where L 2 :— L 2 (T, C) is the Hilbert 
space of square integrable complex- valued functions on the circle T := R/Z. For 
<p = (tpi,ip2) <G L 2 consider the Zakharov-Shabat operator, 

-°i)* + U m 

For any A G C, let M = M(x, A, ip) denote the fundamental 2x2 matrix of 

L(<p)M = AM, 
satisfying the initial condition M(0, A, ip) = Id2 X 2- 

Periodic spectrum: Denote by Spec per (</?) the spectrum of L(ip) with domain 
dom per (L) := {F G H,^ x HjJ F(l) = ±F(0)} 

where i?^ c = i?^ c (M, C). This spectrum coincides with the spectrum of L(<p) 
considered on [0, 2] with periodic boundary conditions. 

We say that two complex numbers a, b are lexicographically ordered, a =4 b, if 
[Re(a) < Re(o)] or [Re(a) = Re(b) and Im(a) < Im(o)]. Similarly, a -< b if a 4 b 
and a ^ b. 

The following propositions are well known -see e.g. [5J Section 3], . 

Proposition 2.1. For any (p* G L 2 there exist an open neighborhood W of ip* 
in L 2 and an integer No > 1 suc/i that for any ip G W, £/ie following statements 
hold. 

(i) For any k G Z im'i/i |fc| > iVo + 1, i/ie disft {A G C | |A— fcrr | < 7r/4} contains 
precisely two (counted with multiplicities) periodic eigenvalues A^ =^ A^ 
ofL{tp). 

(ii) The disk {A G C | |A| < (No + l/4)7r} contains precisely 4No + 2 periodic 
eigenvalues of L((p) counted with multiplicities. 

(Hi) There are no other periodic eigenvalues of L(ip) than the ones listed in 
items (i) and (ii). 

Let W be the neighborhood given by Proposition ^. II Note that for any <p G W, 

... =<; A+ fe _i -< Al fe =<; A± fe -< ... and ... x A" A+ x A~ +1 ^ ... 
for any fe > iVo + 1. 

Proposition 2.2. For any ^ G W, £/ie periodic eigenvalues (^)\k\>N +l <?/ 
£<(</?) ordered as above satisfy 

\±(ip) = kn + l 2 (k) 
locally uniformly in ip, i.e. (X^(ip) — fc^r) |fc|>jv +i * s locally bounded in I 2 . 
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Ordering of eigenvalues: Denote by L\ the set of potentials ip € L\ so that 
all periodic eigenvalues of L(ip) are of algebraic multiplicity at most two. Take 
p* G L\ and choose W C L\ and N > 1 as in Proposition 12.11 We keep the 
lexicographic order of the eigenvalues that appear in item (i). The remaining 
4./Vo + 2 eigenvalues in item (ii) are grouped in lexicographically ordered pairs of 
two, AjT A^ , I Ar J < N , in the following way: Choose ^Z Na to be the smallest!]] 
eigenvalue bigger than A_ Wo _ 1 . If AZjy is double, then set A_jy := Al^, 
otherwise denote by A^^ the smallest simple eigenvalue which is bigger than 
Aljv . Next, define Al A r o+1 to be the smallest eigenvalue bigger than XZjf 
and different from X + M and determine A + „ in the same fashion as A + M . 
Continuing in this way we arrive at a listing of the 4iVo + 2 eigenvalues so that 
(Afc )|fc|<iv are in strictly increasing order, 

^-N ^ ^-N + l ^ ••• X ^N 

and so that all double eigenvalues form a pair. By shrinking the neighborhood 
W if necessary, we choose for any teZa simple counterclockwise oriented C 1 - 
smooth closed curve in C such that the closures T>k of the domains bounded 
by the IVs are pairwise disjoint and such that for any ip 6 VV and k € Z, the 
domain bounded by I\- contains precisely the two eigenvalues XZ(ip) =4 A& (</?) 
as well as a continuously differentiable simple curve Gu — Gk{<p) connecting 
^fe (<P) with AjJ" (<£>). In the case X^{(p) — A^T (y>), Gfc is chosen to be the constant 
curve X^(ip). For any |fc| > No + 1, we choose to be the counterclockwise 
oriented boundary of the disk 

D k := {Ae C| |A-Awr| < tt/4} 

and G fe := {(1 - 1)^ (tp) +t\^ (tp) \ t G [0, 1]} whereas for |fc| < iV , r fc is chosen 
to be contained in the disk {A € C | |A| < (iVo + Define 

T k := (Afc + A+)/2 and 7fc := A+ - A^ . 

Discriminant: Let A(A, (p) := tr M(l, A, be the trace of M(l, A, 93). It is well 
known that A(A, cp) is an analytic function on C x L\ (cf. |H Section 3]). The 
proof of the following statement can be find in [H Proposition 3.4]. 

Proposition 2.3. For any ip £ W and any Ae C, 

s tt (A-At(</?)) (A - Ar (w)) 
A 2 (A, p) - 4 = -4 JJ ^ 7 2 V 

fcez ^ 

Standard & canonical roots: Let a, 6 G C. Denote by ^/i the principal branch 
of the square root defined on C \ {z € R | 2; < 0} by \/T = 1. We define the 
standard root of (A — a) (A — b) by the following relation 

</(A-a)(A-6) = -A^(l-£)(l-A) (8) 

1 With respect to the partial order =^ introduced above. 
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for all A E C \ {0} such that | f | < 1/2 and 1 1| < 1/2. Let G [a , b] be an arbitrary 
continuous simple curve connecting a and b. By analytic extension, (|8]) uniquely 
defines a holomorphic function on C \ G[ a ,6] > that we call the standard root of 
(A — a) (A — b) on C \ G[ a ,6]- One has the asymptotic formula 



</(A-a)(A-6) A, as |A| -> oo. (9) 

For any ^eW and A G C \ UfcgzGfc we define the canonical root of A(A, <p) 2 — 4 

„ si , n j MM)[>-WI 

fcez 

The proof of the following lemma is straightforward and hence omitted. 

Lemma 2.1. For any ip € W, £/ie canonical root (TTU)) defines a holomorphic 
function on C \ (UfcgzGfc). 

For any j)£W, consider the curve 

C,:={(A, W )eC 2 |a) 2 =A(A^) 2 -4} (11) 

as well as its canonical branch 



C% := {(A, w)eC 2 |AeC\ (U feeZ G fc ), «> = ^A(A,^) 2 -4} . (12) 

The cycle A m , m£Z, introduced in Section [U is now defined more precisely 
as the cycle on C£ whose projection onto C is T m , A m = 7r _1 (r m ) n C£, and 
7r : C v — > C, (A, w) i-> A, denotes the projection onto C. 

3 Finite gap potentials 

In this section we construct entire functions Cn(')V) satisfying (|4])-(j5]) for an 
arbitrary finite gap potentials in L\. The treatment of this special case will lead 
to the set-up of the proof of Theorem 11.11 discussed in Section SJ To state the 
result more precisely, introduce for ip € L, 

J = J(ip) := {n e Z | X~(ip), \n(<p) are simple} . 

Then, for any n e Z \ J, A~(<p) = A+(</>) is a double eigenvalue of £(</?). By 
definition, ^ € L 2 is a finite gap potential if J ((f) is finite. 

Theorem 3.1. Let ip £ L, be a finite gap potential. Then for any n £ 1, there 
exists an entire function £„(•, ip) so that for any raeZ, 

1 I Cn(A,¥>) , , 

: aA = d m „ (13) 



2tt J Am V A(A, ip) 2 
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where A rn , m € Z, are the cycles on the canonical sheet C£ of C v introduced at 
the end of Section^ Further, £ rl (A, (p) is of the form 

c»(a,?o=-— ( n ^'^(a.p) n (14) 

where P n (X,ip) is a polynomial in A of degree d, P n (X,ip) = (— X) d + im'f/i 
d — \J\ if n ^ J and d= \ J\ — 1 otherwise. 

We begin with a few preparations for the proof of Theorem 13.11 

For ip 6 L^, (A fe = A^^/cez, and J = J(<p) as above, introduce the 
compact Riemann surface 

Ej :=Cj U{oo ± } (15) 
of genus | J\ — 1 that is obtained by compactifying the afHne curve 

Cj:={(X,w)&C 2 \w 2 = l[(X-X^(X-X+)} (16) 

k£j 

in a standard way by adding two points oo at infinity - one for each sheet. 
The charts in open neighborhoods of oo^ are defined by the local parameter 
z = 1/A. Let A m = A J m , m £ Z, be cycles on the canonical sheet of Ej, 



E} := {(A, w) G C 2 | A e C \ (U fce jG fc ), « = II V (A " A * K A ~ X t» U {°° + } > 

fee J 

(17) 

such that irj(A m ) = T m , where irj is the projection onto the first component 
■ Cj — > C, (w, X) H> A. Consider the differential on Cj, 

X:= ( ~ A) '~ 1 ^dX (18) 



where / := | J|. The proof of the following lemma is straightforward and hence 
is omitted. 

Lemma 3.1. The differential x extends to a meromorphic differential on Ej 
with precisely two poles. They are situated at oo^ and have residues Res x = ±i. 

For any n € J, consider the basis of holomorphic differentials on Ej, 

PnsW 



V / n fee ,/(A-A-)(A-A+) 



dX, seJ\{n}, (19) 



where P ns (X) are polynomials of degree degP Ils < I — 2, normalized by the 
conditions, 

w ns = <5 ms , m,s G J \ {n} . (20) 
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For any n £ J, introduce the differential, 



Xn -=X~^2 Cs0Jns ( 21 ) 

seJ\{n} 

where c s := § A x- Note that Xn has the same poles as x an d their residues 
coincide with the ones of x- Furthermore, any of the cycles Ak, k £ J, is 
homologous to a connected component of the boundary of Ej in Ej. By Lemma 
13.11 the closure of E} in Ej contains precisely one pole of \n- It is situated 
at oo + and is of order one with residue i. For m £ Z \ J note that the cycle 
A OT = bounds a disk which is contained in Ej\oo + . As Xn is a holomorphic 
1-form on Ej \ oo + one concludes that ^ Xn = for those m's. Furthermore, 
for any m £ J\ {n} it follows from ([2~Tj) that again f. Xn = 0. For m = n, one 
then concludes from Stokes' formula, 

^ f Xn + 27r i Res Xn = , 



that ^ Xn — 27T- Summarizing, we get that for any n £ J and for any m € Z, 



By construction, 



/ Xn = <5mn ■ (22) 
27F JA m 



(-A)'- 1 +ai" ) A , - 2 + ... + a I (n) 1 , , 

■ dA (23) 



n fee j(A-A,-)(A-A+) 



where oij (1 < j ' < I — 1) are complex numbers. 

To continue, let us consider the case where n £ Z \ J. Then A~ = A+ = r n 
and we introduce the following differential on Cj, 

X„ := ( - A) ' +£ " (A + e " ) "' dA , ,24) 



where 

_ f 0, r„ ^ 0, 
" [I, r n = 0, 

and s n is a complex number chosen so that 

(-r„y + e„(r n + en)' -1 



m e jv / K-A-)K-A+) 



(25) 



Note that with the above definition of e„, e n is well defined by (|25|) . Let rj^ 
be the two points on Ej so that 7Tj(t„ ) = r n with t+ lying on the canonical 
branch Ej. The following lemma follows easily from the normalization (|25[) . 
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Lemma 3.2. For any n € Z \ J, the differential Xn extends to a meromorphic 
differential on Ej with precisely four poles. They are located at and oo^ and 
their residues are Res^n = ±i and Res^n = T*- 

For any n E Z \ J define the differential, 

Xn ■■= Xn - ^k.m , C™ := * Xn (26) 

m£j\{k,} Am 

where A;* is a fixed, but arbitrary number in J. Recall that for any k £ J, the 
cycle Ak is homologous to a connected component of the boundary of Ej in Ej. 
By Lemma [5^21 the closure of E} in Ej contains precisely two poles of x„, at r+ 
and oo + , with residues — i and i respectively. Arguing as above - in particular 
using again Stokes' formula - we conclude that § A x„ = for any k e J. Using 
(|2"5)) we obtain that for any m € Z, 

Xn = L ■ (27) 

By construction, 

(-A) , +ai n) A , - 1 + ... + a, (n) 



(A-r„)i^/n fce j(A-Afc)(A-A+) 



d\ (28) 



where a^- (1 < j < I) are complex numbers. 

Proof of Theorem \3.1{ If n G J define 

P n (A, := (-A)'- 1 + a[ n) X 1 - 2 + ... + a£\ (29) 

with aj n) (j = !,...,/-!) as in (|2"3")l . Then for any m £ Z, the entire function 

-l 



c„(a )¥ >)= — n ^ 



j£j,j=£n 3 <£J 

satisfies the normalizing relation (ITU)) . Similarly, if n € Z \ J, define 

P n (\,<p) := (-A)' + a[ n) A , - 1 + ... + a{ n) (30) 
with (j = 1, ...,/) as in ([28]) . Again, for any m e Z, 

c«(A,^)=-f (n^)"^(A,^ n slz^ 

satisfies the normalisation condition (TT3l). □ 
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Proposition 3.1. There exists T > so that the coefficients oq ' , 1 < j < I, 
of the polynomial P n (\,(p) in (|30p satisfy 

sup \af\<T. 

n£Z\J, l<j<l 

Proof. Let n £ Z \ J. It follows from the normalization condition (|25|) . the 
asymptotic formula r„ = n7r + o(l) (see Proposition ^. 2[) . and the property ((9]) 
of the s-root that £„, defined in (|2~51) . satisfies for n — !• ±oo 

e„ - ( n a ^)( t » - a * ) - (-^/r 1 - 1 

fcej 

= (-l)'(r„(l + 0(l/n)) -r„) =0(1). (31) 
This estimate together with (|2"41 and the second formula in (j2H)) imply that 

c™ = 0(l/n) (32) 
uniformly in ro £ J\{fc,}. Furthermore, by the definition (|26p of \n and (|19[) . 

_ (-A) 1 + e n (X + e n ) 1 ^ + (A — r„) i E meA{M C^m(A) 

An — i 

^-Tn)i^jT[ke.J^-K)^-K) 

Recall that the polynomials P/c„ m (A) are of degree < I — 2 and their coefficients 
are independent of n e Z. Hence, by (|3Tt . (|32|) . and r„ = ri7r + o(l) as n — > oo, 
the polynomials defined by (|3"0"1) . 

P„(A) = (-A) ( +£„(A + e „) ; - 1 + ]T CAiP fe , ro (A)- £ Cr„iP fc . m (A) 

mGJ\{fc,} me,7\{fc,} 

have coefficients bounded uniformly in n € Z \ J. □ 

Let (/?„ G L\ be a finite gap potential and let J = J(<p*) C Z be the finite 
subset of indices so that A^ -< A^ , k € J, are the simple periodic eigenvalues 
of L((p*). Choose an open neighborhood W of ^* in Nq > 1 and cycles T m 
and A m , m <E Z, as in Section [5] If necessary, choose iVo > 1 larger so that the 
disk {A € C | |A| < (N a + contains all the simple eigenvalues {A^ | k € J} 
of i(<^*). It follows from Theorem 13.11 that for any N > N n and n € Z, the 
entire function CraC'jV*) can De written as follows 

c»(a,^)=-|-( n ^•)" lp ^ (A '^ ) n ^ ( 33 ) 

where 

J^(A,^):=-Pn(A,p*) 1] ^- A )' Tj^Tjfa). (34) 

|i|<JV,j^JU{n} 

Proposition 13. II implies the following corollary. 
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Corollary 3.1. Let Lp* £ L 2 , J = J(<f*) C Z, and Nq > 1 be as above. 
Then there exist N > A^o and a compact set K. C C 2Af+1 so i/iai i/ie following 
statements hold: 

(i) for any n € Z and |j| > AT + 1, </ie double eigenvalue Tj is not a zero o/ 
</ie polynomial P„ (X, tp*); 

(ii) for any \n\ > N+l, the coefficient vector (a^)i<j<2_/v+i of the polynomial 
P n ( A) ^) = („ A ) 2Ar+1 + al n) A 2Ar + ... + a$ +1 o/ ® , Zies zn /C; 

(ra) /or any a = (a :/ )i< :) <2A'+i in K,, the zeroes of the polynomial 

Q N (X, a) := (-X) 2N+1 + a,X 2N + ... + a 2N+1 

are contained in the disk {X £ C | |A| < (N + j)tt}. In particular, for any 
a £ K, and any \j\ > N + l, the double eigenvalue Tj is not a zero of the 
polynomial Q N (X,a). 

Proof. By Proposition 13. 11 there exists T > so that, for any n £ Z \ J, the 
coefficient vector c^™- 1 = (a*™ )i<j</ of the polynomial P n {X) = P n (X, <£>*) is 
bounded, 

max |ai n) | < T . 
i<?"<* J 

Choose N > No so that for any (aj)i<j</ € C' with max \atj\ < T the zeroes 

l<7<i 

of the polynomial Q a (X) := (—A)' + aiX 1 ^ 1 + ... + ai are contained in the disk 
Bn = {X G C | |A| < (N + \)tt}. By choosing ./V larger if necessary we may 
assume that for any n £ J, the zeroes of the polynomial P„(A) = P n (X, ip*) are 
contained in Bn as well. In view of the definition (l34l) of P^f , this choice of 
N > No implies (i). To define the set /C, introduce for any vector a — (cej)i<j<i 
the polynomial 

Q a (X) ■ J] (tj - A) = (-A) 2W+1 + ai X 2N + ... + a 2N+1 . 

\j\<N,j£J 

Then define the coefficient map 

$:C'^C 2W+1 , a^a 

where a = (aj)i<j<2N+i and let K, be the image of B l T = {a € C' | max |aj| < 

\<i<i 

T} by the map $, 

/C := C C 2N+1 . 

As i?^ C C' is compact and $ is continuous it follows that JC is compact. By 
construction, item (ii) and (Hi) hold. □ 



11 



4 Analytic set-up 

Let ip* £ L 2 be a finite gap potential. As in Section [2] choose an open neighbor- 
hood W of p* in L 2 , Nq > 1, and, for any k £ Z, the cycle T^, as well as the 
curve Gk = Gk(f) connecting the pair of eigenvalues A^T (y>) =^ (ip), ip G W. 
We want to construct analytic functions £ ra (A, (/?), n 6 Z, on C x W with the 
neighborhood W shrinked if necessary such that for any m, n G Z, 

Cn(A '^ = dA = <W (35) 



2vr 7 Fm ^A(A,^) 2 

In order to do this we make an ansatz for £ n (A, ip) and then determine the 
parameters involved by applying the implicit function theorem. The ansatz is 
suggested by (O and (jMj) . 

Ansatz: Let N > N be a given integer. For any |n| < iV, define the entire 
function onCxPx C 2N , 

/„(A,cx,a):=- — ( [] ^) _ V(A,a) [] fL= " ^ ( 36 ) 

tfl U|>AT+1 5 

where er := ) | j | > w+i £ ^ 2 , (Tj := j'tt + Oj, and 

Q^(A, a) := (-X) 2N + aiA 2 "" 1 + ... + a 2N , 

with a := (ai, ...,a2jv) in C 2Ar . Here and in the sequel, I 2 denotes the Hilbert 
space of complex valued sequences (xk)kei with index set / C Z. It will be clear 
from the context what / is. Similarly, for \n\ > N + 1, define the entire function 
on Cxl 2 x C 2N+1 , 

f n (\,a,a):=-^-( ]J ir^Cfifra) [J ^— - , (37) 

*" \j\<N \j\>N+l,jjtn nj 

where a := {<^j)\j\>N+i,j^n G l 2 > &j '■= 3 n + &j> and 

Q*(A, a) := (-A) 2W+1 + fll A 2N + ... + a 2W+1 , 

with a := (ai, a 2 jv+i) in C 2W+1 . For any n G Z, define F n := (F") m ^„ 
where for any m£Z,ffl^n, 

F r l(a,a,p):=(n-m)<{ -J^^L=d\. (38) 



r m ^A(A^) 



By construction, F^(a, a, p) is an analytic function on £ 2 x C 2N x W for \n\ < N, 
and an analytic function on I 2 x £, 2N + 1 x W for |n| > N+l. For R,r > consider 
the closed balls 

B R := {ctG/ 2 |||ct|| < R} C Z 2 

and 

B r fe := {a G C fe | |a| < r} C C fc , 



where fc > 1 is a given integer and \a\ = yX),'=i |ofe| 2 - 
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Lemma 4.1. For any \n\ < N [resp. \n\ > N + 1] the map 

I 2 x C 2N x W [resp. / 2 x C 2W+1 x W] -> / 2 , (ct, a, p) H- F n (cr, a, <p) 

is well-defined and analytic. Moreover, for any R, r > 0, and |m| > A^ + 1 

i^(a,a,^) = 0(|(7 m | + |m7r-T m | + |7 m |), (39) 

uniformly in Br x B 2N x W [resp. Br x B 2N+1 x W/ and uniformly in n G Z 
and |m| > AT + 1, m ^= n. In particular, by shrinking the neighborhood W i/ 
necessary, F n is bounded in Br x B 2Ar x W /resp. x _B 2Ar+1 x W/ uniformly 
in n € Z. 

Proof. First consider the case |n| > iV + 1. For any m ^ n, the component 
of F n is analytic on I 2 x C 2A,+1 x W by construction. Hence the analyticity of 
F n : I 2 x C 2A,+1 x W — > / 2 will follow once we prove that it is locally bounded 
- see e.g. Appendix A in [7J. For any a £ I 2 and |m| > A^ + 1 with m ^ n, one 
has 

J:^ a ^ A = 1 "'"' A A,(W)B m (W) (40) 

\/A(A, 4 ^/ (A -A m )(A-A+) 

where, with a n := n7r, 

A 2A,+1 + ai A 2Ar + ... + a 2W+1 



•4„(A, a, v?) := i 



(*«-A) II \/(A-At)(A-A+) 



and 

B m (A,a,^):= J] A 



b'|>iv+ij^m ^/(A - A~ )(A - A+) 



A simple estimate shows that A n (X, a, ip) = 0(l/\n — m|) uniformly on _D m x 
B 2N+1 x W and uniformly in \m\ > N + 1, m ^ n, and |n| > A^ + 1. By 
Lemma 17731 in Appendix A, B rn (X, a, ip) = 0(1) uniformly on D m x Br x W and 
uniformly in |m| > AT + 1. Combining these estimates for .A„ and B m with (|40|) 
one gets from Lemma 17.61 in Appendix A that, 

F"(a, a, ip) = 0{p m ) , p m (a) := max |cr m - A|, 

uniformly on Br x B 2N+1 x VV and uniformly in |m| > N + 1, m ^ n, and 
|n| > JV + 1. By shrinking the cycles T m to 0(|7 m |)-neighborhoods of r m one 
gets from the triangle inequality that 

p m {o-) = 0(\a m \ + \rmr - r m | + |7 m |) 

uniformly in a £ I 2 and uniformly inlml^Af + ^m^n. This proves estimate 
(j39|) . In a similar way one shows that for \m\ < N and \n\ > AT + 1, is 
bounded on -Br x B 2N+1 x W, uniformly in |m| < N and |n| > A^ + 1, implying 
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that F n : B R x B 2JV+1 x W ^ i 2 is bounded, uniformly in \n\ > N + 1. The 
case \n\ < N is proved in a similar way. □ 



Implicit function theorem: Choose N > No, a compact set /C C C 2N+1 as i n 
Corollary 13. 11 and R > so that 

II (r» (V*) — J't) |j|>/st-hi ]| <R/2. (41) 
Furthermore, choose r > so that 

K. C B 2 f 2 +1 (42) 

and, for any |n| < iV, the coefficient vector {a^)i<j<2N of the polynomial 
Pn{K (£>*) = (-A) 2Ar + a^A 2 ^- 1 + ... + in ® is contained in B«£. By 
shrinking the neighborhood W of y>» in L 2 , if necessary, we see from Lemma |4. II 
that for any |n| < N [resp. \n\ > N + 1] the analytic map 

I 2 x C 2N x W[resp. I 2 x C 2N+1 x W] ->■ Z 2 , (<r,a,<p) F n (a,a,tp) 

is bounded on J3r x B 2JV x W [resp. Br x _B 2Ar+1 x W] uniformly in n G Z. 
For any |n| < iV [resp. |n| > iV + 1], denote by the coefficient vector 
(a^)i<j<2N [resp. (c^ )x<j<2JV+i] of the polynomial P J | V (A, and let cr^ := 
(tj(<^*) — i7r)u-|>jv+i,j^n- Note that by the choice of r > and Corollary 13.11 
al n) G B 2JV [resp. al" } G B 2Ar+1 ] for any n € Z. The main result of Section [3] 
states that for any n G Z, 

F"(<7< n) ,a< n) l¥ >,) = 0. (43) 

We now want to apply the implicit function theorem to show that for any 
|n| < N [resp. |n| > N + 1], there exist an open neighborhood W n of ^3* and 
analytic functions 

a (n) :W n ^l 2 , ip^o- {n X<p) 

and 

a.™ : W„^C 2Ar [rcsp.C 2Ar+1 ] 
such that for any ip. G W n , F n (cr(") (<^), (<p), <^) = 0. The function 

C„(A^) :=/„(^(^),oW( V ),A) (44) 

then has the required properties (see Corollary 15 . II below) . In Section |H] we then 
prove that one can choose the neighborhood W n to be independent of n G Z. 



5 Differential of F n 

Choose iVo and N > Nq as in Corollary 13.11 and for any n G Z let F ra be the 
map introduced in the previous section. In order to be able to apply the implicit 
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function theorem to the equation F n (<j, a,<p) — we show that the differential 
of F n w.r. to (cr, a) at the point (u*™^ , a* , </?*) is a linear isomorphism. It is 
convenient to denote the pair (cr, a) by a single sequence u = (yj )jjt n by inserting 
for \n\ < N [resp. \n\ > N + 1] the vector (aj)i<j<2jv [resp. (a.j)i<j<2N+i] in 
the middle of the sequence (cj)|j'|>JV+i,j^n- More precisely for \n\ > iV + 1 and 
fceZ \ {n} define 

_ J a/v + i +fc , |fc| < iV, 

a k , \k\>N+l. 

Similarly, for |n| < N and fc G Z \ {n}, define 

!aAr+i+fc, -iV < k <n, 
a/v+i+fe-i, n<k<N, 
a k , |fc|>JV + l. 

Let be the sequence corresponding to (cri™' ) , ai"^ ) . We now compute the 
partial derivative d v F n (v* , </?*). Recall that for any m, n G Z with m ^= n 

F^{v,ip):={n-m)i 77 Mt^± dX. (45) 
/r m </A(A,<^) 2 -4 

First consider the case \n\ > N + 1. Then by (f37l) . ("~ m )/"( A ' ,; ) equals, 



i(n — rn) Q n (A,u) t-t q- fc — A 

V / (A-A-)(A-A+) n V( A - A fc)( A -^) \k\>N+l,k^n V^-^H*-^) 



where for any v — (a, a) one sets Q% (A,v) := (A, a). Hence, by Cauchy's 
theorem, for any \j\ > N + 1 and |m| > N + 1 with to, j 7^ n 

r) F" r«W ,~ \- 2Tr{n-m) Q% ( Tj , aj n) ) 

( T n — Tj ) n - Afc )(r, - A+) 

|k|</v v 

where r^. = Tk(tp*) and A^ = X^(ip^) for any k 6 Z. As 

Q£(A, «) = (-A) 2JV+1 + v-jyX 2N + ... + ^A^ + ... + WJV 
one has for |j| < N and to 7^ n, 

d V] F™ (^ n) , O = (n - to) / ^= ' = dA . (47) 



r ™ (r„ - A) n a/(A-A,T)(A-A+) 

fc|<JV 

In particular, we get by Cauchy's theorem, 

9 Vj F^{vi n \ ip*) = V |j| < N, \m\ > N + 1, to ^ n. (48) 
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Hence, (j4T>|) holds for any j ^ n and any |m| > N + 1, m 7^ n. Later we will 
need also the case |m| < AT and |j| > N + 1 with j 7^ n, 

d Vj F^\^)=l i(n-m)<ff(A t qg°) dA (4g) 



(r„ - A) (75 - A) n ^(A - A,T)(A - A+) 

\1A AT * 



|fe|<iv 



Now, consider the case Inl < AT. Then by (15ST) . (" m )/n( A >") e q ua j s 

1 1 _ J ' " ^/A(A,ip) 2 -4 H 



i(n — m) , a ' fl 



n </(A-A-)(A-A+) | fc |^ +1 ^/(A-A")(A-Aj) 
fe|<JV i^i^iv-r-i 

and g^(A, v) = (~\) 2N + i^A 2 ^ 1 + ... + v n _ 1 \ N - n + v n+1 \ N - n - 1 + ... + v N . 
Hence, for any \j\ > N + 1, \m\ > N + 1, 

= Mn-mlcfffa.a^) ,, m , (50) 

fc|<7V v 

For \j\ < N and m,j 7^ n, 

d Vj F^(vi n \^) = (n - m) i = dA (51) 

Jr m n v/(A-A-)(A-A+) 

|fc|<7V 

where 

j, j < n, 



j - 1, j > n. 



In particular, d Vj F£(vi n) , <p*) = for \j\ < N, \m\ > N + 1. Hence §50$) holds 
for any j ^ n and |m| > AT -)- 1 with m 7^ n. 

Lemma 5.1. Lei tp* G L 2 6e a finite gap potential. Then for any n € Z, £/ie 
linear map d v F n (vi n \(p*) s C{l 2 ,l 2 ) is injective. 

Proof. Let us first treat the case |n| > AT + 1. To simplify notation write 

d Vj F£ l for dvjF^iv^iip*). According to (|46|) and (|48)) . the infinite matrix 
[d Vj F^)j, m ^ n is in block form. By ((48j) the block (c^F^)] 
diagonal and, by Corollary 13. II (i). none of the diagonal elements d Vm F™, \m\ > 
N + l,m ^ n vanishes. Further, by (O, the block (9 K 3F^;)| OT |>jv+i,m^n,|i|<JV 
vanishes. Hence, to show that d v F n : I 2 — > I 2 is one-to-one it suffices to show 
that the central block 



M" ~(d Vj F^ 



\m\<N,\j\<N 



is non-degenerate. To prove it we want to apply Lemma 18.11 in Appendix B 
In the set-up of Appendix B choose £ be the compact Riemann surface E t 



1G 



of genus g = \J\ — 1 defined by (fT5l) in Section [31 with J = J((/3») C Z and 
A± = A£ (p*), fc g Z. For E+ we choose its canonical branch £}, defined by 
(fTT)) . The set of C 1 -smooth simple closed curves Ck, < fc < g, in (-D1) of 
Appendix B is chosen to be the set of curves 7rJ 1 (Gj), j € J, oriented according 
to (-D1). Here 7r,/ : Cj —> C, denotes the projection (X,w) i-» A. Next, introduce 
the holomorphic involution 

% :Cj Cj, (A, w) H> (A, — w) 

and extend it to all of £j by setting i{po + ) — oo~ and z(oo~) = oo + . As sets, 
i(Ck) — Ck for any < fc < g. Finally, choose the points {Pj[ Q S + , 
s = 2N + 2 - | J|, so that {P fe + }fcll = {r+ \j^J, \j\ < N} and P+ = r+ where 
7Tj(r J + ) = Tj. The cycles C g+ k, k — 1, s, are chosen as in (DA) of Appendix 
B. In view of formula (H71) . for 1 < I < 2N + 1, we define the meromorphic 
differentials on £ 

■ \2N-l + l 

Vi = d\. (52) 

(r»-A) n (r fe -A) v /n fce j(A-A^)(A-A+) 

|fc|<AT,fc£J V 

In a straightforward way one checks that, for any 1 < I < 2N + 1, r\\ is holo- 
morphic at oc^ and may have poles only at the points P^, 1 < k < s, so that 
the divisor (77; ) of rji satisfies 



(m) > -Y,( p k + p k 



Clearly, the differentials rji, 1 < I < 2N + 1, are linearly independent and satisfy 
i(r]i) = —rji. Hence, conditions (-D1) — (D5) of Appendix B are satisfied and one 
can apply Lemma \8. II with fco = g + s to conclude that the central block M n is 
non-degenerate. 

The case |n| < N is treated similarly. The non-degeneracy of the corre- 
sponding central block 



\m\<N,\j\<N,m,j^r 



follows from (|5Tj) and Lemma l8Tl with fco = g+s, where £, E + and the cycles Ck, 
< fc < g, are as above, but the points {P^Yk^i — w i tn s = + 1 — |</|, 
are now chosen so that {Pk} s k Z\ = {rf | \j\ < N, j J U {n}} and P s + = r+. 
Finally, the cycles C g +k, 1 < < s, are chosen as in [DA). □ 

Proposition 5.1. Let ip* ^ L\ be a finite gap potential. For any n G Z, 
d v F n (vi n \ 93*) € C(l 2 ,l 2 ) is an isomorphism. 

Proof. Consider the operator, 

™ ._ / a*,*E , |m| > 7V+ 1 and |j| > TV + 1 
• ^ 2S jm , \m\<N or |j| < N. 
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In view of P51) and ([5U| , D n is a diagonal operator and by the choice of N > N 
(so that Corollary 13 . 1 1 holds) none of the diagonal entries of D n vanishes. Using 
that by Proposition ^. 2[ tj = jn + o(l) as j —> ±00 one gets from (|4"o| and 
that 

lim D^ m =2. (53) 

m^±oo 

This implies that D n , (D™)" 1 G C(l 2 , I 2 ). Further, it follows from (|ig j) -(|5T ]) that 
the range of the operator K := d v F n — D n is contained in a finite dimensional 
space and hence K is compact. Note that, 

d v F n = D n (ld+{D n )- 1 K] (54) 



where Id is the identity on I 2 . As d v F n and D n are injective we conclude from 
(|54"|) that Id + (D n )~ 1 K is injective. Therefore, by the Fredholm alternative, 
Id + (D n )~ 1 K is an isomorphism. Combined with (f54"|) . it then follows that 
d v F n is an isomorphism. □ 



Proposition 15.11 allows to apply the implicit function theorem leading to 

Corollary 5.1. Let ip* G L 2 be a finite gap potential. Then for any n G Z, 
there exist an open neighborhood W n of ip* in L 2 and an analytic function 
C n : C x >V„ — > C such that for any ip G W„ and m G 1 

:d\ = 5 mn . (55) 



2tt J Vm A(A, ip) 2 



In addition, for tp — tp*, Cn(A, (p*) coincides with the entire function constructed 
in Theorem\3. 1[ 



Proof. Let \n\ < N [resp. |n| > N + 1]. By Proposition 15.11 one can apply the 
implicit function theorem to the analytic function F n : I 2 x C 2N x W [resp. I 2 x 
C 2N+1 x W] — > I 2 constructed in Section 2] to conclude that there exist an open 
neighborhood W n of tp* in W and analytic functions 

cr (n) : Wn^l 2 , ip^(J in) (ip) 

and 

o<") : W„^C 2Ar [rcsp.C 2Ar+1 ] 
with a( n \Lp*) = cr,"-' and a( n \ip„) — ai™' such that for any ip G W n , 

F>Wfo,),o<">foO,¥>)=0. 



Hence, for any G W„, 



satisfies 

1 / Cn(A,y) 



2tt 7 Fm ^A(A^) 



Cn(A,v?) :=/ n (a W ,a (n ^) 

dA = Vm G Z \ {n} . 
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To sec that the normalization condition 



, t UXM d\ = l (56) 

holds we argue as follows. First note that by construction, £„(A, coincides 
with the entire function £„ of Theorem 13.11 Thus in particular, (|56|) holds for 
if = ip*. Furthermore, by [3], the finite gap potentials are dense in l? c . As L\ is 
open in L\ the set of finite gap potentials in L 2 , is also dense in L\ . By continuity, 
it then suffices to prove (|56| for finite gap potentials in W„. It turns out that 
similar arguments as in the proof of Theorem 13.11 lead to the claimed result 
for finite gap potentials in W„. Indeed, for an arbitrary finite gap potential 
(f G W n , denote by J = J(tp) C Z the set of all k G Z so that \^ ^ A^ ■ First, 
consider the case when n 4 J. Then, by construction, Cn(A : y) equals 

r "~ A ws JUsr A) -& <^-w-*> \ k \JA,w*- x ^ 



where a^f 1 = kn + u^. As <f r e/^j= '^l 4 d\ = for any m 6 Z \ {n} one 
concludes that the the residue of (f57|) at Tfc vanishes for any fc G Z \ ( J U {n}). 
Using that cr^ = kir + o(l) as fc — > ±oo we get that 

U\<P) i Q(A) 



^ A ( A '^) 2 - 4 T "- A n V / (A-A fe -)(A-A+) 

fceJ 

where Q{\) — (— A)I J I + ■ • • is a polynomial of degree |J|. Consider the Abelian 
differential 

/n(A-A-)(A-A+) 
y fceJ 

It meromorphically extends to the compact Riemann surface Sj introduced in 
Section |3] and has precisely four simple poles. They are located at and oo ± . 
Recall that ttj(t„ ) = r„ and r+ lies on the canonical branch Ej of £j (see 
Section [3]). A straightforward computation shows that Res£ = ±i. Finally, 

using that ^ ^ £ = for any me J and that by Stokes' formula 

<p £ + 2iTiResf + 2niResf = 

one concludes that Res£ = — i. This completes the proof of the normalization 
condition (|56p when n 4_ J. The case n G J is treated similarly. □ 
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6 Uniformity 



To prove Theorem 1 1.1 1 it remains to show that the neighborhoods W„ of y>» £ L% 
of Corollary 15 . 1 1 can be chosen independently of n £ Z. Choose No and N > No 
as in the implicit function theorem part of Section 01 First note that it suffices 
to show that W„ can be chosen independently of n for any \n\ > N + 1. For 
this purpose we want to study the asymptotics of (d v -F^) mt j for |n| large. To 
this end introduce for a = (aj)i<j<2jv+i in C 2N+1 the infinite matrix 

F»(a) :=(^(a)Wez 
where, for |m| > AT + 1 and j 6 Z, 

7-.(a) := 2g " (Tj ' a) <W , (58) 



n mr, - Xu)(r 3 - K) 

\k\<N 

for \m\ < N and |j| < N, 



T™(a):=-f =dA, (59) 

7r/r » n v/(A-A-)(A-A+) 

and, for |m| < N and |j| > AT + 1, 

T™{a):=-l Q " (A ' Q) =dA. (60) 

^^(^■-a) n v( A - A *^ A - A *) 

fc|<AT 

HereQ^(A,a) = (-A) 2Ar+1 + a iA 2iv + ...+a 2 Ar + i, Xf = \f(<p*), and 7* = T k (<p*). 
We remark that the entries .F^° (a) with m,j^n in ([B*8]), (|59)l . and (|60t are 

formally obtained from (l46l) . (|47|). and (|49)) by replacing a* with a and then 
taking the limit as n — > oo. 

Let /C C C 2Ar+1 be the compact set introduced in Corollary 13. II 

Lemma 6.1. Foranya£lC, the operator F°° (a) £C(l 2 ,l 2 ) is an isomorphism. 
Moreover, there exists < C < oo so that \\J r<:>0 (a)~ 1 \\ < C for any a 6 /C. 



Proof. Arguing as in the proof of Lemma 15.11 and taking into account formulas 
(|58|) and (|59|) one concludes from Corollary 13.11 and Lemma 18.11 that for any 



a £ JC, the map F°°(a) : I 2 — > I 2 is injective. More precisely we apply Lemma l8~T1 
with S + being the canonical branch of the compact Riemann surface £ := Sj, 
introduced in Section^ and {P^}1 =1 being points in S with s = 2N + 2 — | J|, 
so that {P±} s k z\ = {jfif*) M $ J > M\ ^ N } and P t = 0O± - Arguing as in the 
proof of Proposition 15.11 one concludes that F°° (a) is a linear isomorphism for 
any a £ K. As 

C 2N+1 ^£(l 2 ,l 2 ), a^F°°(a), 
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is continuou^l and JC C C 2Ar +! i s compact, it follows that there exists C > so 
that HJ" 00 ^)- 1 !! < C for any a e JC. □ 

In the sequel we also need to consider certain restrictions of the operator 
F°°(a). For any \n\ > N + 1, denote by F%(a) the restriction of J 700 (a) to 
Z 2 (Z\{n},C), 



-F^(a) : Z 2 (Z\ M,C) -> J 2 (Z\{n},C), -> 
Using the block structure of J-°°(a) one easily gets 

Corollary 6.1. For any |n| > AT + 1 and any a E JC, J-°^{a) is a linear 
isomorphism and 

Combining Lemma 1(5 . 11 with Corollary 16 . 1 1 we get 

Corollary 6.2. For any a e JC and any \n\ > A^ + 1, i/ie operator !F^{a) G 
C(l 2 ,l 2 ) is an isomorphism. Furthermore, there exists < C < oo so that for 
any a € JC and |n| > A" + 1, 

For any \n\ > N + 1, define 

J"" : C 27V+1 -> £(Z 2 J 2 ), (^.^(a^, a, (61) 

where cr^ = (r fc - fc7r)|fc|>jv+i,fc^n- 
Lemma 6.2. for a e JC, 

J™ (a) - J^(o) ->• as n -> ±oo 

in C(l 2 ,l 2 ), uniformly on JC. 

Proof. Assume that |n| > AT + 1. Arguing as for the derivation of P5)h (|T7)) . 
and (j49j) one gets for any |m| > A' + 1, m ^ n, and j e Z \ {n} 

^(«) ^ 2,(n-r»)Q^(r J -,a) ^ (g2) 

(rn-r,-) n V / (^-A fe -)(r J -A+) 

where Q*(A,a) = (-A) 2W+1 + ai \ 2N + ... + a 2N+1 ; for \m\ < N and \ j\ < N, 

JZj(a) = (n - m) i = dA , (63) 

Jr -(r n -\) II \/(A-A fe -)(A-A+) 
|fe|<iv 



2 This follows directly from i58l l-l60V 
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whereas for \m\ < N and |j| > N + 1 with j ^ n, 

JZj (a) = (n - m) / iQZM == dX (64) 

(r n — a) (tj- — a) n 

\k\<N v 

Using (|60[) . (|64l) . and the asymptotic formula for r„, t„ = n-zr + o(l), n — >■ ±00, 
one gets for |m| < JV, |j| > AT + 1 with j 7^ n, and |n| > N + 1 



ijr« _j-oo i _ _ 

I mj ^ mj I ^_ 



fa -A) n \/(A-A^)(A-A+) " 



fe|<JV 



= °(l 0' ( 65 ) 

V (n — mj(j — mj/ 

uniformly in |n| > N+l, \m\ < N, \j\ >N + 1, and a € JC. Similarly using ([59"]) 
and ([55)1 and the asymptotics of r„ as n — > ±00 one gets for \m\ < N, \j\ < N, 
and \n\ > N + 1 

|^-^l=0(^) (66) 

uniformly in a € /C and |n| > A r + 1. Finally, (I55|) . (|52l . and the asymptotics of 
r„ imply that uniformly in |n| > Af + 1, |m| >JV + l,m^ n, and 

r mm ^ mm V 1 1 V u 1 7 

V |n — m| / 

where for \j\ > N + 1, := |t 3 - — j7r|. Furthermore, for any |m| < AT, one gets 
from dm and ([Ml) that 

ll^.-^.ll = ( E ^■-• F ^| 2 ) 1/2 = ( k T^n) ( 68 ) 
uniformly in |n| > AT + 1 and a d JC. Using (|6"T)l , one concludes that 

SUP I JZm ~ Fmml = °( r n + ™* (tT") ) 

uniformly in \n\ > N + 1 and a 6 JC. Note that, 

max , ,, < max , , + max , , 

jVO V \j\ J 0<|j|<n/2 V |j| / U|>n/2 V |j | / 

< max r 7 - + 2maxr,/n = o(l) 
|j|>n/2 jeZ 

asn-> ±00. Combining the estimates obtained it follows that 

sup |^ m -^J = o(l), rw±co (69) 

\m \ >_/V+l,m^n 



uniformly in a £ JC. The claimed estimate now follows from (|68|) and (|69|) . □ 
As an immediate consequence of Lcmma l6.2l and Corollary 16.21 one obtains 
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Corollary 6.3. There exist < C < oo and N± > N so that for any \n\ > N\ 
and oeC, J~ n (a) : I 2 — > I 2 is a linear isomorphism and 

\\^(a)- l \\<C (70) 

uniformly on IC. 

Proof of Theorem ] 1. 11 Choosing TV greater, if necessary, we obtain from Corol- 
lary [63] that (|70|) holds for any \n\ > N+l. In view of Corollarv l5.1l it remains 
to be proved that the neighborhoods W n of ip* in W with \n\ > N + l can be 
chosen independently of n. 

Recall that for any |n| > N + l the sequence ai^ — (Tj(tf*)—jn)\j\>if+i,j^:n 
belongs to the space 

l N,n ■= { x = ( x j)\j\>N+l,jjtn I \\x\\N,n < oo} 
/ \ 1/2 

where \\x\\ N>n := {J2\ 3 \>N+i,j^n \ x j\ J ■ Lct 

l 2 N := {x = (xj)\j\> N+1 | ||a;||jv < oo} 

/ \ x l 2 

with ||x||at := ( J2\j\>N+i \ x j\ 2 ) ■ For any n < —N— 1 consider the linear 

isomorphism i n : l 2 N n -+ l 2 N , defined for any x = (xj)\j\>N+i,jjtn e ^at w by 



Xj, j>n 



and similarly for n > N + 1 , 

Mx))j -- 

Clearly, for any |n| > -/V + 1, i n is an isometry, i.e 

IKMIIiV = \\x\\N,n ■ 



Xj, j<n 
Xj+i, j>n 



Using the isometries i n we identify l 2 N n with l 2 N for any |n| > N+l and simply 

write ai n} G 1%. The fu 
\n\ > N + 1 on the set 



write o* G l 2 N . The functions F n are then analytic and bounded uniformly in 



B R x B 2N+1 xWCl 2 N x C 2N+1 x L\ 

where now Br = {x G l 2 N \ \\x\\n < R}- By construction - see (|4Tj) , (|42|) - for 
any \n\ > N + 1 

\Wi n) \\ N <R/2 and /C C B^ 1 . (71) 

Denote by ||| • ||| the canonical norm of the Cartesian product, l 2 N x C 2N+1 x L 2 , 
and let 

/ (n) (n) \ 
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for \n\ > N+ 1. By Corollary HQ (it), al n) e AC. Hence by ^TTJ, one can choose 
p > such that for any \n\ > N + 1, the ball in Z 2 ^ x C 27V+1 x L 2 of radius p, 
centered at z n , 

B p (z n ) := {zel 2 N x C 2N+1 xL 2 c : \z - z n \\ < p} , 

is contained in B R x B 2 r N+1 x W. As F n is bounded on B R x £ 2Ar+1 x yy 
uniformly in |n| > AT + 1, we obtain by Cauchy's estimate (cf. [7] Lemma 
A. 2, Appendix A]) that the C(l 2 , Z 2 )-norm of the derivative d v F n is bounded on 
B p / 2 (z n ) by a constant independent of \n\ > N+l. Applying Cauchy's estimate 
once more we see that the analytic map 

B R xB 2N+1 xW^C(l 2 ,l 2 ), (a,a,tp)^ {d v F n ){a,a,ip) 

is Lipschitz continuous on O p /^{z n ) with a Lipschitz constant independent of 
|n| > N + l. Together with Corollary 16.31 one concludes that there exist < 
C < oo and < p\ < p/A such that for any |n| > N + 1 and z £ Pl (z n ), 

\\(d v F n (z))- 1 \\ < 2C < oo and \\d v F n {z)\\ < 2C < oo . (72) 

It then follows from the uniform estimates (|72p and the implicit function theorem 
that one can choose the neighborhoods W n in Corollary (|5.1I) independently of 

|n| >N+1. Denote this neighborhood by W and set W := W f| ^ri|„|<jv W„j . 
By construction, ( n : C x W -> C, 

n ~ (n) \ 

Cn(A,^) = --n^— ^=^\^ (73) 

and 



""' /Vr " i dA = 5 mn VmeZ. (74) 



2tt / Am ^/A(A,^) 2 -4 
In addition, for any n S Z, the map o^ n ) : W — >• Z 2 , 

V ^ ( CT £ n) (^))|*H>iV+i,fc^n where = - kn (75) 

is analytic and the roots 5*. , |fc| < A, of are contained in the disk {A G 
C||A|<(A+i)7r}. 



Now, we will prove the uniform estimate ([6]). For any m ^ n, equation (|74|) 
can be written as 

/ ^ ^(A,y)rfA = (76) 

^ ^/(A-A m )(A-A+) 



where 



i \ ~( n ) \ 

X™(A, := n ; = (^) 

— ^™ V / (A-At)(A-A+) 
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with 5n '■= n7T - By shrinking the neighborhood W, if necessary, we conclude 
from Lemma 17.31 that the function x m is bounded on T> m x W by a constant 
independent ofii€Z and \m\ > N + 1, to =/= n. In addition, by shrinking the 
neighborhood W once more and choosing N > Nq greater if necessary we can 
ensure, using Lemma I7T51 that for any \m\ > N + 1 and <p G W, 

r m , A m G {A G C | |A - mir\ < tt/8} . 

Assume that |m| > JV+ 1, m ^ n. For any (A, ip) G D m x W we have 

X n m {\ <p) = X n m {r m M + (A - r m )g»(\, (78) 

where g m (A) := J Q Xm( T m + (A - r m )t) dt and x m denotes the derivative of x™ 
with respect to A. Using that Xm 1S bounded on T> m x W uniformly in n G Z 
and |to| > N + 1, m ^= n, Cauchy's estimate for x m implies that <?" is bounded 
on (A, ip) G {A G C | |A - m7r| < 7r/8} x W uniformly in n G Z and |m| > N + l, 
m 7^ n. As 

j_r - a 

2 ™ ^(A - A„)(A - A+ ) 
formulas (I76l)-(l78l) then lead to 



(r m -a^)x n m (r m , V ) + ^-i -^t=====^== 3m (A, <p) dA = (79) 
-" / ' / " v / (A-A m )(A-A+) 



where T m := {A G C | |A — mir\ = tt/8}. It follows from Lemma IT^fl and Lemma 
17.51 that by shrinking the neighborhood W, if necessary, once more we can find 
c > and too > such that 

\xl(r m:V )\>c>0 (80) 

uniformly in if G W, n G Z and |m| > JV + 1, m ^ n. As by construction, 

||(o"m^)| m |>jv+i|| < R, Lemma [7761 shows that the integral in (|79|) is of order 
0(7m) uniformly for <^ G W, u £ Z, and \m\ > N + 1, m ^ n. This together 
with ([79)1 and (l80l) implies that r m — cf^' = 0(7 m ) uniformly in (p G W, n£ Z, 
and |m| > AT + 1, m ^ n. Using Lemma 17.61 once more we then conclude that 
uniformly for G W, n G Z and |to| > iV + 1, m ^ n, 

f,7: ' r " AHA ~ r " l) =^(A^)dA = 0(^). (81) 



^(A- A m )(A- A+) 
Estimate @ then follows from (JTSJ), ([EE]), and ([50)) . 

The last statement of the theorem follows directly from (jTU)) . (|75|) . (ITU) , and 
Cauchy's formula. □ 
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7 Appendix A: Estimates on products 

In this Appendix we collect some technical lemmas used in the main body of 
the paper. 

Lemma 7.1. For a — (a,j)j e z G I , 

| J](l + ^)-l| < ||«|Ux expdlalUx) , (82) 

where \\a\\ii = J2 j& z M- 

Proof. As a € I 1 , the product (1 + a,) converges absolutely. If Oj = for all 
j £ Z except finitely many then by the triangle inequality, 

| JJ(i + aj -)-l| <n(l + |ajl)-l- (83) 

By a limiting argument one sees that this inequality holds also in the case of an 
arbitrary element a £ I 1 . As log(l + x) < x for x > 0, one gets 

n(l + l«il)=exp(^log(l + |a i |)) <exp(||a|| ;1 ). (84) 

By the Taylor expansion of at zero, one has 

< e x - 1 < xe x Vx > 0, 
implying ([52]). by combining ([83]) and ([83]) . □ 

Lemma 7.2. For cr = {<Jj)j&L € ^ 2 flwd anj/ m e Z. 

n (1+^-)=!+^), 

- L , J - \ ? — m/ 



K»| <2||o-||exp(2||a||) (85) 
and \\cr\\ = ( J2j \ a j\ 2 ) ■ Moreover, for \m\ > 2, 

|r m (o-)| < 2 ( — M— + ||T m ((7)||) exp(2||a||) (86) 

T m (cr) := (<Tj)b1>|m|/2- 
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Proof. Consider the sequence — (aj)j<zz, 

a (m) . [ 7^ 711 

i ' \ j = m 
By the Cauchy-Schwarz inequality, 

ll^ll^ll-KEu^) 172 ^ 2 !!-!!- ( 87 ) 

Combining this with Lemma P7TT1 we obtain (|85l) . In fact, ([57)1 can be improved, 

\j — m\ > |m| /2 

1 \V2/ ^ , „\l/2 



E ijr^ja) ( E 

l<|j-m|<|m|/2 IJ 1 |j|>M/ 2 



For I ml > 2, 



E h'-m| 2 ) ( 2 E £2 

|j-m|>|m|/2 IJ fc>^ + ^ 



< 



2 V 1 ^ 

^— 2 +2 



(m=t) (89) 



and 



l<|i— m|<|m|/2 1 1 fc>l 

Combining (SB) with dHU) and flU]) we get 



l|aM|l ' 1 - 2 ( (H-V/ 2 + l|r " >)11 ^ (91) 

Finally, flSB) follows from Lemma ED (S3), and flST). □ 

Let y>* G L 2 . Choose an open neighborhood W of y>* in L 2 , iV > 1, and 
cycles r m (m € Z) as in Section[3J For any ra £ Z, 2? m is the closure of the 
domain bounded by r m |f| 

Lemma 7.3. Let N > Nq and R > 0. Then there exist an open neighborhood 
V of tp* in VV and < C < oo suc/i i/iai /or an?/ m£Z and for any (A, cr, ip) £ 



3 Note that for \m\ > No + 1, £>m is the disk _D„ 
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V m xB R xV, 



n 



5j - A 



where dj = jrr + o~j and = {<r G / 2 | ||er|| < R}. 

Proof. Consider first the case \m\ > N + 1. Then for any a G l 2 , ip E W, 
A G D m , and |j| > TV + 1 with j ^ m 



°3 - A 



A 



A 



i /(A-AT)(A-A+) 
5-j - A 



Tj - A 



^(A-A 7 )(A-At) 



A 



1 



l + O 



3 '* 3 

and by the choice of W in Section [2] 



A 



y(A-A7)(A-At) 



4(A-AT)(A-At) 



f + 



(to - jy 



(92) 
(93) 

(94) 



where the constants in (|93|) and (IMl) depend only on the choice of the open 
neighborhood W of <p* and N. Combining with and we get 



5j ~ A 



r/(A-AT)(A-At) 



= 1 + 



l + O 



|to- j| 
N + I J 71 " 



) + 0( 

+ l7i 



I7jl 



TO- J I 



|TO-J| 



(95) 



(96) 



Using Proposition 12.21 we choose a neighborhood V of 95, in W so that for any 
tp G V, the sequence (A^(<p) — Jt) |i|>JVo+i i s bounded in I 2 . The statement 
of the Lemma for \m\ > N + 1 then follows from and inequality (|55|) of 
Lemma 17721 The case |to| < N is treated similarly. □ 



Lemma 7.4. Let N > Nq and ao E I 2 . Then for any e > there exist mo > 1, 
an open neighborhood U of cr in Z 2 , and an open neighborhood V of tp* in VV 
smc/i i/iai /or anj/ |m| > too and (A, cr, (p) G P m xt/xV 

1- n / " 3 ' A ^ 

|i|>JV+l,3#m y (A - A^ (</)))(A - At(yj)) 

where a a — jn + Oj . 



2N 



Proof. Arguing as in the proof of Lemma 17.31 we see that formula (|9"5|) holds for 
any |m| > Nq + 1, (A, a, ip) G D m x I 2 x W, and |j| > A + 1 with j ^ m. As a 
consequence, 



2 . 



= = 1 + 1 Jl ' I J J ' ' " Jl (97) 
(A-AT)(A-A+) V 7 

where the constants depend only on the choice of W and N. Finally, the Lemma 
follows from (j§7) , inequality (j5fj|) of Lemma 17721 and the continuity of the maps 
considered in Lemma [73] below. □ 

The following Lemma is used in the proof of Lemma 17.41 
Lemma 7.5. The maps defined on W, 

<p i ^ (tj(v?) - J7t)| 3 -|>jv +i arld V ^ (t| (v))|i|>AT +i 
take values in I 2 and as such are analytic. 

Proof. First, note that for any \j\ > Nq + 1, the mapping W — > C, ip H> 7|(v), 
is analytic. As 

E i^i 2 <( E i7|i) 2 

|j|>JV + l |j|>JVo + l 

we obtain from Proposition 12.21 that the map (p t— > (7|(<p))|j|>at +i is locally 
bounded and hence analytic (see Theorem A. 5 in [7]). The analyticity of the 
map (p i— > {jj{ip) — jir)\j\>N 0+ i is proved in a similar way. □ 

For a, b € C let [a, b] = {ta + (1 - t)b \ t e [0, 1]} and let T be a C^-smooth, 
simple, closed curve in C \ [a, b]. The proof of the following lemma is straight- 
forward and we omit it. 

Lemma 7.6. Let f be holomorphic in an open neighborhood of [a, b] containing 
r. Then 



r y/(X-a)(X-b) 



:d\ 



< 2tt max |/(A)| 



8 Appendix B: Period map 

In this Appendix we state and prove a result on the periods of a family of 
meromorphic differentials on a compact Riemann surface which will be applied 
to prove Theorem ll.il As this result is used at several instances we state it in 
a general form. Let S be a compact Riemann surface of genus g > with the 
following data. 

(Dl) Co,...,C g are C 1 -smooth, simple closed curves on E dividing it into 
two connected components E^, 

E~ U E+ = E \ (uf =0 C fc ) 
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which have the property that Ck H C; = for any < k, I < g, k ^ I. Note that 
Co, C g are the boundary cycles of E + in E. The orientation of Co, C ff is 
chosen to be the one induced from the orientation on £ + given by the complex 
structure so that Stokes' formula holds on E+. 

(-D2) i : £ — > S is a holomorphic involution with « : £ ± — > S T and i{Ck) = 
Cfe for any < k < g as sets in £. 

(D3) P 1 + ,...,P+ are pairwise different points on £ + and Pj~ := i{P^) for 
any 1 < j < s. 

{DA) For any 1 < k < s, C g+ k is a simple closed C 1 -smooth curve around 
which bounds a (small) open disk U^ +k containing P£ so that the closed disks 

U^+k (1 < k < s) are contained in £+ and pairwise disjoint. The orientation of 
C g+ k is induced from the orientation of U^ +k so that Stokes' formula holds on 

(Z?5) rji, ... 7 i] g+s are linearly independent meromorphic differentials on E so 
that for any 1 < k < g + s 

**{Vk) = ~Vk and (n k ) > -D (98) 
where D is the divisor on E given by 

3 = 1 



In particular, (Z?5) means that the differentials i]k, 1 < k < g + s, may have 
P± 



poles only at the points -Pi,-, 1 < j < s, and that all these poles (if any) are of 



first order. 

Lemma 8.1. Assume that (Dl) — (D5) hold. Then for any < k < g + s, the 

{g + s) x (g + s) -matrix 



is non-degenerate. 



x k0 = U v J ) i 



C m ' 1< j<P+s,0<m<g+s,m^fco 



Proof. Assume that there exists 1 < fco < g + s so that the matrix Xk is 
degenerate. Then there exists a non-trivial linear combination, 

g+s 

V-=^2 c kVk with c k £ C 

fc=0 

so that 

n = yO<m<g + s, m^k Q . (99) 

Cm 
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As (jj) > —D, the Abelian differential 77 is holomorphic in the interior of E + \ 
(Uf, =1 U^ +k ) and continuous on its boundary U^tf C m . By Stokes' formula, 
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Combined with (IMl) it then follows that 

7? = 0. 

Cfc 

This, together with (IMl) and (77) > —D, implies that 77 is holomorphic on E + . 
Taking into account that by (-D5), i*{rjk) = —r\k for any 1 < k < p + s, it then 
follows that 77 is a holomorphic differential on S. As | c 7/ = for 1 < m < g 
one then concludes that 77 = 0, contradicting the linear independence of 77^ 's 
assumed in (-D5). □ 
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